3.3H Warm Up
Special Rights - A Solidify Understanding Task

In previous courses you have studied the Pythagorean Theorem and right triangle
trigonometry. Both of these mathematical tools are useful when trying to find missing
sides of a right triangle.

1. What do you need to know about a right triangle in order to use the Pythagorean Theorem?
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2. What do you need to know about a right triangle in order to use right triangle trigonometry?
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While using the Pythagorean Theorem is fairly straight forward (you only have to keep track of the legs and
hypotenuse of the triangle), right triangle trigonometry generally requires a calculator to look up values of
different trigonometry ratios. There are some right triangles, however, for which knowing a side length and
an angle measure is enough to calculate the value of the other sides without using trigonometry. These are
known as special right triangles because their side lengths can be found by relating them to another
geometric figure for which we know a great deal about its sides.

n f ial right triangle is a 45° — 45° — 90° triangle.

3. Draw a 45° — 45° — 90° triangle and assign a specific value to one of its sides. (For example, let one of
the legs measure 5 cm, or choose to let the hypotenuse measure 8 inches. You will want to try both
approaches to perfect your strategy.) Now that you have assigned a measurement to one of the sides of
your triangle, find a way to calculate the exact measures of the other two sides. As part of your strategy,
you may want to relate this triangle to another geometric figure that may be easier to think about.

u S‘.\ LR L\ o

R
J’Z I \ l \\/D\J B
i J 1 \
_4-‘-*-—_._,_‘}’\ ~\ > \__/“———
Ys ’ (o =
) [ VI‘ f‘ =
372

4. Generalize your strategy for a 45° — 45° — 90° triangle by letting one side of the triangle measure x.
Show how the exact measures of the other two sides can be represented in terms of x. Make sure to
consider cases where x is the length of a leg, as well as the case where x is the length of the hypotenuse.
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5. Draw a 30° — 60° — 90° triangle and assign a specific value to one of its sides. Find a way to calculate
the exact measures of the other two sides. As part of your strategy, you may want to relate this triangle
to another geometric figure that may be easier to think about.

6. Generalize your strategy for 30° — 60° — 90° triangles by letting one side of the triangle measure x.
Show how the exact measures of the other two sides can be represented in terms of x. Make sure to
consider cases where x is the length of a leg, as well as the case where x is the length of the hypotenuse.
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Find the missing sides of each special right triangle using the 45° — 45° — 90° or 30° — 60° — 90° triangle
rules. Leave answers with simplified radicals, where necessary.
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3.3H More Than Right
A Develop Understanding Task

We can use right triangle trigonometry and the Pythagorean Theorem to solve for missing
sides and angles in a right triangle. What about other triangles? How might we find
unknown sides and angles in acute or obtuse triangles if we only know a few pieces of
information about them?

In the previous homework and in today’s warm up, we found it might be helpful to create
right triangles by drawing an altitude in a non-right triangle. We can then apply trigonometry or the
Pythagorean Theorem to the smaller right triangles, which may help us learn something about the sides
and angles in the larger triangle.

See if you can devise a strategy for finding the missing sides and angles of each of these triangles.
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3.3H Warm Up
Special Rights - A Solidify Understanding Task

In previous courses you have studied the Pythagorean Theorem and right triangle
trigonometry. Both of these mathematical tools are useful when trying to find missing
sides of a right triangle.

1. What do you need to know about a right triangle in order to use the Pythagorean Theorem?
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2. What do you need to know about a right triangle in order to use right triangle trigonometry?
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While using the Pythagorean Theorem is fairly straight forward (you only have to keep track of the legs and
hypotenuse of the triangle), right triangle trigonometry generally requires a calculator to look up values of
different trigonometry ratios. There are some right triangles, however, for which knowing a side length and
an angle measure is enough to calculate the value of the other sides without using trigonometry. These are
known as special right triangles because their side lengths can be found by relating them to another
geometric figure for which we know a great deal about its sides.

One type of special right triangle is a 45° — 45° — 90° triangle.

3. Draw a45° —45° — 90° triangle and assign a specific value to one of its sides. (For example, let one of
the legs measure 5 cm, or choose to let the hypotenuse measure 8 inches. You will want to try both
approaches to perfect your strategy.) Now that you have assigned a measurement to one of the sides of
your triangle, find a way to calculate the exact measures of the other two sides. As part of your strategy,
you may want to relate this triangle to another geometric figure that may be easier to think about.
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4. Generalize your strategy for a 45° — 45° — 90° triangle by letting one side of the triangle measure x.
Show how the exact measures of the other two sides can be represented in terms of x. Make sure to
consider cases where x is the length of a leg, as well as the case where x is the length of the hypotenuse.
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5. Draw a 30° — 60° — 90° triangle and assign a specific value to one of its sides. Find a way to calculate
the exact measures of the other two sides. As part of your strategy, you may want to relate this triangle

to another geometric figure that may be easier to think about.

6. Generalize your strategy for 30° — 60° — 90° triangles by letting one side of the triangle measure x.
Show how the exact measures of the other two sides can be represented in terms of x. Make sure to
consider cases where x is the length of a leg, as well as the case where x is the length of the hypotenuse.
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Find the missing sides of each special right triangle using the 45° — 45° — 90° or 30° — 60° — 90° triangle
rules. Leave answers with simplified radicals, where necessary.
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3.3H More Than Right
A Develop Understanding Task

We can use right triangle trigonometry and the Pythagorean Theorem to solve for missing
sides and angles in a right triangle. What about other triangles? How might we find
unknown sides and angles in acute or obtuse triangles if we only know a few pieces of
information about them?

In the previous homework and in today’s warm up, we found it might be helpful to create
right triangles by drawing an altitude in a non-right triangle. We can then apply trigonometry or the
Pythagorean Theorem to the smaller right triangles, which may help us learn something about the sides
and angles in the larger triangle.

See if you can devise a strategy for finding the missing sides and angles of each of these triangles.
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3. Seeifyou can generalize the work you have done on questions 1 and 2 by finding relationships between
sides and angles in the following diagram. Unlike the previous two questions, this triangle contains an
obtuse angle at C. Find as many relationships as you can between sides a, b, and ¢ and the related

angles 4, B, and C.

LAW OF SINES LAW NES
a b ¢ a* = b°+c¢® = Wecos A
sind  sinB sinC
‘=a*+c*=2accos B

sinAd simnB sinC

ﬂ b (‘ o “» “»
c“=a"+ b - 2abcosC

Use the Law of Sines and/or the Law of Cosines to find the missing side lengths and angle measures in each

triangle below. Round your answers to the nearest tenth. SN Ci
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8. Find angle A. e _ﬂ-—

9. Find angle ABD.

47°
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3.5H Triangle Areas by Trig
A Practice Understanding Task

Find the area of the following two triangles using the strategies and procedures you
have developed in the past few tasks. For example, draw an altitude as an auxiliary line,

use right triangle trigonometry, use the Pythagorean Theorem, or use the Law of Sines or the Law of Cosines

to find needed information.

1. Find the area of this triangle.

2. Find the area of this triangle.
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Jumal and Jabari are helping Jumal’s father with a construction project. He needs to build a triangular frame
as a component of the project, but he has not been given all the information he needs to cut and assemble
the pieces of the frame. He is even having a hard time envisioning the shape of the triangle from the
information he has been given.

Here is the information about the triangle that Jumal’s father has been given: ¢
e Side a = 10.00 meters S \1O
e Side b = 15.00 meters /o \
e A =400° /q A\ R

L2

Jumal’s father has asked Jumal and Jabari to help him find the measure of the other two angles and the
missing side of this triangle.

3. Carry out each student’s described strategy. Then draw a diagram showing the shape and dimensions of
the triangle that Jumal’s father should construct. (Note: To provide as accurate information as possible,
Jumal and Jarbari decide to round all calculated sides to the nearest centimeter, that is, to the nearest
hundredth of a meter, and all angle measures to the nearest tenth of a degree.

Jumal's Approach

e Find the measure of £B using the Law of Sines

T P,

Sin B AN

— = | . =
| O 5 “‘](/{.U
e Find the measure of the third 2C

5

¢ Find the measure of side ¢ using the Law of Sines

L, C,, (~[q Yt~y

.
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e Draw the triangle

S
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c
[abari’s Approach & k
e Solve for c using the Law of Cosines: a? = b? + ¢ — 2bc cos A =

100= 225+ ¢?- e (cos D)

= i 7 ) 1,9 2. R
{C‘{_ - APAN ] C £ ;) (f, "’} L i//‘f C '!6’-}?”‘ - e TR s b

)

S12S = 2 30lestd) ¢ H25 = :
Oz ¢?-22.9%02 3¢ 41256 % 83§23

22,G% + | S¢. Mt = 500 / ¢ x4

(= —
L

e Jabari is surprised that this approach leads to a quadratic equation, which he solves with the

quadratic formula. He is even more surprised when he finds two reasonable solutions for the
length of side c.

Draw both possible triangles and find the two missing angles of each using the Law of Sines.
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4.1H Warm Up

Trigonometric Functions - finding exact values

Explain the relationship between degrees and radians

Complete the unit circle below using your understanding of degrees, radians, and special right

triangles

11

Review Trigonometric Ratios
Find the trigonometric ratios for the given triangles. Simplify all answers completely.

sinf@ = Q

cosf= _—-
Vi

tan @ = .‘;‘:’;
S
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An angle is in standard position if its vertex is located at the origin and one ray is on the positive x-axis. The
ray on the x-axis is called the initial side and the other ray is called the terminal side.

An angle, in standard position, that is rotated counter clockwise has a positive measurement. An angle, in
standard position, that is rotated clockwise has a negative measurement.

If 8 is an angle in standard position, its reference angle is the acute angle formed by the terminal side of 8
and the x-axis.

Two angles, in standard position, are coterminal if they share a terminal side.
For each angle measurement below, (A) sketch the angle in standard position, (B) identify the

measure of the reference angle, and (C) identify the measure of an angle that is coterminal with the
given angle.

5. 110° 6. 345°
(A) Sketch: (A) Sketch:
\\_‘ \
/—m‘i‘\\
-
i
\
(B) Reference Angle: "/’t“o (B) Reference Angle: \ el
. p—y
Q
C) Coterminal Angle: - i -1 5
(C) Coterminal Ang e 16’ 0 (C) Coterminal Angle \ ®
7. 76° 8. —192°

(A) Sketch: (A) Sketch:

(B) Reference Angle: ~ )| ° (B) Reference Angle: —
v |2

s

(C) Coterminal Angle: - vg ) l G (C) Coterminal Angle: ILO?
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Find the exact values of the following.

1. cos(210) 7 '

f

2.sin (330) 7

-

3.tan (-750) | 2

10. sin G:) = “j‘;?; 11. cos (— —) = — 12. tan (%) = ANCEDY
'R . = <
13.cosZ= '~ 14. tan— == = VD 18, il = _—
6 6 - 3
7 3 C

16. sin (g) = Z‘

Find the exact values of the following. ool ans K dareeS (or upYy PY ——
. . - ; , 3 .
19. Given sin® = =2 and sec6 > 0; find 20. Given tan@zgand cscf < 0; find
Y A NE:
2 ginf= = gl="y — sinf@=2_""_ csc@=-
- D | N\ U 74
_ Ll I z_— (j .! - 5‘ ¢ [ou
‘\ C cosfd= ~ secld = — 5 cosf=V3 sechd=
P o = iad = f/; L t
] C
tanfd= —- — cotf@= - = tanf = ~ cotd = =
4 L - _
{ ) 5
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4.1H Understanding Identities ]
A Practice Understanding Task

Part I: Fundamental Trigonometric Identities
Right triangles and the unit circle provide images that can be used to derive, explain,
and justify a variety of trigonometric identities. g Joscng }

For example, how might the right triangle diagram below help you justify why the following identity is true
for all angles & between 0° and 90°?

sinf = cos(90° — 6) B

Since we have extended our definition of the sine to include angles of rotation, rather than just the acute
angles in a right triangle, we might wonder if this identity is true for all angles 8, not just those that measure
between 0° and 90°?

A version of this identity that uses radian rather than degree measure would look like this:
. T
sinf@ = cos (E - 9)

How might you use this unit circle diagram to justify why
this identity is true for all angles 67

—m (—1,0)

3T
= (0,-1)
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Here are some additional trigonometric identities. Use either a right triangle diagram or a unit circle
diagram to justify why each is true.

1. sin(—0#) = —sinf

2. cos(—8) =cosf

3. sin?6 + cos? 8 = 1 [Note: This is the preferred notation for (sin )? + (cos 8)% = 1]

sin@

=tan@

cosd

5. tan(—60) = —tand
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Part II: More Trigonometric Identities

Luna and Happ are in math class trying to solve sin(105°), they decide that there is no way they can solve
this problem without using a calculator. Shultis joins their group and realizes 105° could be broken up into
two angles that they know how to find the exact value of using a sum.

Which two angles add up to 105° so sin(105°) can be found without using a calculator?

Shultis gives Luna and Happ the formula sheet they forgot to pick up on the way into class.

Half-Angle Formulas u 1—cosu u 1+ cosu u l—cosu
sin—=1+ cos—=1 tan — = —
2 2 2 2 sinu
_ sinu
1+cosu
Double Angle sin 2u = 2sinu cosu
Formulas

cos2u =cos’u—sinu=2cos’u—1=1-2sin"u

2tanu
tan 2u = :
1—tan” u
Sum and Difference sin(u + v) = sin i cos v+ cos # sin v tan( M ) tanu +tan v
U+v)= —m——
Formulas I—tanutanv
sin(u —v) =sinu cosv—cosusiny
cos (u + v) = COoSuCcosSv—sinusiny
tanu —tanv
tan(u—v) =
. ; 1+tanutanv
cos(u —v) = cosucosy+sinusiny

Using the formula sin(u + v) = sinu cos v + cos u sin v, Shultis solves the problem:

sin(60 + 45) = sin 60 cos 45 + cos 60 sin 45

wavo-(5)(5)- 09

sin(60 + 45) = (\/TE) + (\/TE) = (@)

However, using the calculator Happ and Luna got 0.9659258...

Did they get the same answer?
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Use the formulas above to solve the following problems.

1. Use the angle sum or difference of angles formulas to answer the following questions.

a. Find sin(75°) b. Find cos(195°)

= cos(I5D+45)°
. = ¢05]50 cos 45— S 1nl50 s1n4Y
= 2y — Az4d6 ~ L T ® =

The group continues with the classwork and comes across the questions gn(lGS) . Luna uses the same
strategy as before

Luna’s work:
sin(120 + 45) = sin 120 cos 45 + cos 120 sin 45

Happ says, | agree but we could also use the half angle formula since :ﬂ:165

i -—0=i ’ —c05(330}
2

Happ's work:

2. Ifsind = —%withrr <AL 3?”and cosB = %witho <B< g, find...

a. cos(A+ B) b. cos(24)
= COS/’COSB—- 5;:‘!).4;:‘-08 = |- 25!71174

~ 7.4 =1- 2U&
( )( Ny (32 :lz~,ﬁ z)

4
65‘ = %;'.
c. sin(A-B) _ d. sin(24)
"' smﬁﬁ’f{ w,siii;](g £\ = lsinfcosh
= [~2 "‘,\"("" ) — .32
‘( ‘2(13, Py = 2(-2)(-2)
B &5 = _?_ﬂ'_
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4.2H Warm-Up
Finding trig expressions

1. Find cos0 if sin@ = -g-and 0< 6’5-%? 2. Find tanB if sin@ = ; and J—ZTS O<r
r ‘ —_
3/ =149 . tan® = 55
2 wsbT 3 3
- R - =(-2%]
Ve 20 |
3. Find cscOif cosd = % and 7< 9337” 4. Find sec@if sinf = > and 37” <9<on
| \
CcsSCO= — 25 Secb= ——
Sin® |5 “osp
P oL - |
T \i\( 3 gy
L &._F_g
(=2 \ 3
4 b o/ ~ ! B’E
5 Iftan 0 = T 270° < 6<360°, find all the remaining functions of 0. ‘ _,?C_j

ainb = — Ha( Sech= @__T
',amS- -a'_'l—' 5

5 = BH -
——’m’:‘f CosO = Y cobp = e
Aq

l csch = "’@

6. Find the values of the six trig. functions of 0, if 0 is an angle in standard position with the
point (-5, -12) on its terminal ray.

\ 2 A= _13

g o =~ %0 -

: c 2 up =B
A/ asb = —; seb = -5
SDUHSD CCA Math 3 Honors Lanp & 2 awtb = -{%
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4.2H More Identities
A Practice Understanding Task — B
Simplify the following: ( 0 )
1. cos(270° — x) = COS 2 TOCOSK +£9N270 SN X
- — SIWNX
: bia : - I Y X %Y\E
2. sin(x+) = SNXCO0ST ¥ COS 2
(0)
= COSX
Verify the following trigonometric identities.
3. cotx+tanx = sin xlcosx ! :zzi:z:::z .
o l i e Yt s )
(o5 COSJ{Sm =N . (S +(0S ) - _
arss J @ - ) ¢ 0SX E P
cos / g " coS\ SV sInXL SN~ Fos*
2 ey )
SN C0S  SINX(OSX SN“+ C0S
| \ V=0

"";Tm T g XS X

.2 %
sS\W oS = |

Zz - L
tan? x .2 WS +§_\Q :.'._L__ 6 sinx+4sinx+3 _ 3+sinx

tanx+1 Cost (ot 2 (W % 2 ' cosZx T 1-sinx
o= 3 Sy AAan =BRE .
___-—99—:2-—-—' :g\nl (5*Y\+5XS\Y'\*\) B 21 SN
SeC* ——  |— SN
3 g i \- Sin
SN (,U< =S\
i VB Sip)) P
(08> S 2)H(SINA _ 3% Bin
St - Sin' (e (A =Si) (= 5in
SNtd 24s N
SDUHSD CCA Math 3 Honors | —S\n ‘\“‘_j;."‘—;\



2SINCOoS

2tanx

7. Sin2:}C=1+t:;m2x .
2 SNX
Dipit= o S
SElL*

oy A
SN2 X= AS\NOX DS

COSX
AN 2X = ASN X COSX

Jer SN2X = SN2X

9. sin2x = (tanx)(1 + cos 2x)

(i"_ﬂ)(ﬁ (\—zs\nﬁ)

05

SN (j;—?,sir?)

£

250N (- i)
CO>

——

(0%

FanLx= 2SNC0S
7 SN 2X =N LK
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8. 1+sin2x = (sinx + cosx)?

y—b\%g%wf?éé— = S’\ﬂ)(%f&SﬂXCOSXHD‘

| tSin 2X=(05% SINEHRSNCOS

(42X = \+SINZX
10. cos 2x = ;::2:
2.
| — tan
o 2X= et




e, 18 . 132
. > 5% 5,11 s

4.3H Warm-Up ‘mn%"”—' i Bl
Using sum, difference, double and half angle Identities I 8 &
Find each of the following numbers: _s
CoSA= SnB= T
Ifsina=12 0<A <% and cosB=_§, 7r<B<in'
13 2 17

1.sin(A+B) = S\ A COS%* COSF}‘ S\ﬂ%
AYZAVES S = (’,I_—S- ) = Tﬂi’—)-f(—']é): (-,_\_1,'>
( \% )( 1)\ 1T I3 ) \ & 22|

2. cos (A-B) COSPA cosSB + Smﬂsim%

2)(5)- -180 _ —220
7 1S {1
3 wn(A+BRtanA L tan®  _ Ew o | 5 T
\ = tanptan® NN f"‘:"l_gg' m
= (5 9) | = o

4. Simplify:
\ B2

—

@) sin673°) = S\ o -

ys lteost5 W2 [avda | R+
T o i
225 ’ (0$225 { J.; ‘ '—_‘a,‘r@'
(©) sin(%} :S\ﬂ( ) 2 - e %
(d) cos(2023°)= (oS g =4 JHCOSVOS r f +2Z 9 +J3
NH
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4.3H How Many Solutions Can There Be?
A Practice Understanding Task

Throughout this module, you will investigate various periodic phenomena: finding
the height of a rider on a Ferris Wheel, describing the high and low tide, and
examining the body temperature of a newly discovered animal, just to name a few.

All of these situations involve the use of trigonometric equations to find particular solutions. Many times,
these contexts offer an infinite amount of solutions. These solutions were typically evenly spaced. Many
trigonometric equations have an infinite amount of solutions and some have no solutions,

Furthermore, you have explored trigonometric identities, which have solutions for any given angle value.

Below are some basic trigonometric equations for you to solve on the interval [0, 27).

v : vz > el \ ‘
i = —3 2 — ,_2 - — B b = —
1. sinx = - GHA’J 2. COSX 2 "@g’ 3. cscx=-=-2 S\ X 2

- -~ O E 1 '7—(_ \\

T A% PO W | GO 1 i

3 ’fg"‘ ((oojlzo) 4, % a G, b |
3 (45° 3157 (210 320°)

4, tanx = — . 1 5. cosx=1 i) 6. sinx(1+cosx) =0
A 5T O ("“’)@( 40 Snx=0 cosx=-|

=5 1)
_ i o, £
D0 Ay © o'
* (5359 (0%, (807
Because of the restricted domain given for the equations above, there were only a finite number of
solutions for each problem. If there was no restriction on the domain, there would likely be an infinite

amount of solutions. p
i TR, 4
7. Consider the equation: sinx = Y
a. What are the solutions in the domain [0, 277)?

T Z 4 135)

b. One of the soll}uonsﬂ‘om partaisin the ﬁrst quadrant on the unit circle, Find four more solutions
that are also in the first quadrant if there is no domain restriction. (Hint: think of coterminal angles)

T (1 O 3T 33w
c. Inwhat qfladrant are the othef solutions located? List four ofthese solutions,
Q1L -
%g T AN

: ; g A 2
d. Generalize all solutions to the equation sin x = 3/;—;

ﬂ-xamr\ 3T AN
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- Find all solutio the following trigonometric equations. Be resourceful in your methods - you may want
to consider factoring and using a trigonometric identity along the way.
i YS
¥
8. 7cosx+9=-2cosx 9. (tanx—1)(cosx+1)=0
1 oS X 2 osK +Gi 3 ¢ Fanx =1\ COR X = =—|
Fosx 14 =0 ’Tru“n x =G+ 2N
q(cosx+1) =0
(c . Srﬁ 2N
Losx% =" L
A= v AT
10. 2sin*x —sinx—1=0 11, sec?x—2=10
- O
(2sin + | Yen \3 \ - apllea
AR qnxe —5 SINX qe e x =\
e s cosS X 9,
x=21amn
x = 3L4aTNn

.3sin“x+7sinx+4=0

=k (e xS+ | )=0
COS W = SN X= -..‘15': Sinx =~
= }_L-\-_r "_t
ui% Ve v . not possible | X= ?*Zﬂr
Ax = T4t g5 =10 T ngger
ST Tt s LAY "IT& han
(=gt W g & unit avzle
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14, sin2x = sinx 15. cos2x +cosx+1=0
o5 —gi+ cos + 1=0
cos?-(1-cos?)+¢coS +1=0
| e Qcos3+ cos =0
SWNX=0 COSX= 5 ) s Bips-t ) =0 o
005 ( N B

AKX OSX ~SWx =0
Sinx (Acosx—1)=0

x=0+awn  x=3 rafn cosx=0 COSX=7 2
e ' _ all + amN
X = (lTTQ.’“T\ X -:_-é_“_ %a‘“'n‘\ A= % +2TN X= "2
: = T
X:%r_\_avh X’%AQW
16. sin (x + E) + sin (x = %) =1 17. sin 2x cosx — cos 2x sinx = g
‘ : 2 )
SN X COST +Cosk=Ing ASINXCOS X COSX~ (COS -smﬂsm -5
\NXCOS - .2
_%S)nXCOS%' COSM‘§> = AS S X7COS +S(|\Qo ) z
g'ms(acosax~cos"’5<-+sm ) = f%
; \ : _ 2
§{§- snnX) & | Py |- cos?) = 2
37

[ : \ = e
5‘mx:~f§ 3\4 sk (9 z
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4.4H Warm Up
Solving Trig equations

Solve the following equations and list the solutions in the interval (0, 2r]

i 3cat2x—1"-0 : :ﬁ. J% _
. JIN
e -3 \X' . W o 31 %
cot X =1 g- == o

2. 2sin®’x + 5sinx =3

251 Ssinx-%=0

5&%’ (2S\Ww - ‘\ Xanx+33=0
=<3

gxr\x == BN _
2 _,é; ;LL notpossiole

Solve the fo]lowmg equatlons and list the general solutions.

3. 2tan? E—tan;—s:o B . |

@tan(2) +3 )tand)~ 2 QTP HERE.

dan ($)=-2 ran (4)=3 GONged o use aalculator
2z - _

- &
A "’ZW\L :-—% Aan W = 2
h>\< u\ﬂ 5.7

Y/ |
4, Sec3x sin3x — 3sin3x =0 %TDP H E RE

122X G 2% =0 5’6&5 =g

A

SN u =0 S\Y\ u- 3
U= O 21N
2% = O VLWV’\
U -:‘]T-i- 201N
¥ =TT4 2T
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4.4H “Sine” Language
A Solidify Understanding Task

Part1
Carlos and Clarita are participating in an afterschool enrichment class where they
have to build a model replica of a Ferris wheel,

They are required to use the following measurements:

e The Ferris wheel has a radius of 1 meter.
e The center of the Ferris wheel is at ground level

rd

« %
unaey ave bwﬂr?l

Fé

Carlos has also been carefully timing the rotation of the wheel by placing a doll in the cart in position D and
has observed the following additional fact:

e The Ferris wheel makes one complete rotation counterclockwise every 360 seconds

——— e
—e

1. Using this new information, how many degrees does the Ferris wheel rotate per second (angular speed)?
4 an Qle pef secon S SileD (,W{)U«
200 sl

e 10 seconds after passing position A on the diagram?

2Ly s 0= 75
Het'c}m

2. How high will the dol

X= 1 I4m
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3. Calculate the height of the doll at each of the following times t, where t represents the number of
seconds since the doll passed position A on the diagram. Keep track of any patterns you notice in the
ways you calculate the height. As you calculate each height, record the time and height on the
diagram as the coordinates (time, height).

Elaps?d time: L, since Calculations Height of the doll
passing position A
10 sec 5’1\(\4(”) 0. [7 L{V\’\
20 0 LS 1
see <N (20D O, 2>
i
30 sec 1 Z‘ 770/\ 9\ 44
“;
45 sec ' \‘/:” 11
SN (45) z "
60 sec N ( ( (J) ‘?;“VY“
90 sec Qun (QL) im

4. Examine your calculations for finding the height of the doll during the first 90 seconds after passing
position A, During this time, the angle of rotation of the doll is somewhere between 0° and 90°, Write a

general formula for finding the height of the doll during this time interval.

SDUHSD CCA Math 3 Honors
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Calculate the height of the doll at each of the following times t, where t represents the number of

seconds since the doll passed position A on the diagram. Keep track of any patterns you notice in the
ways you calculate the height. As you calculate each height, record the time and height on the diagram as
the coordinates (time, height).

28

& = (0" SI\_ TSN (6O

J3

120 sec ™
— ol =30° < 30 L
180 sec SN UBO) = O m
225 sec /QF* — N (4S ) g d’%— e
270 sec @' 2 WS (210D —lm
BIaEe b an (Z15) = —sin (48| — % v
330 sec ~ SN (20) - 121 144
360 sec = s (Ble0y O rn
400 sec Sy (40D O. 04 m
420 sec - S {\(CO 6 ) \-‘g’— 2%
630 sec = 5w\ (2710 — |l m
660 sec SN (BEE) = o 1 (a0 B J__}/_m
720 sec = S\ (Z0) O v

6. How might you find the height of the doll in other “quadrants” of the Ferris wheel, when the angle of
rotation is greater than 90°7
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Part 2

Carlos and Clarita are making notes of what they have observed about this new way of defining sin .

Carlos: “For some angles the calculator gives me positive values for sin 8, and for other angles it gives me
negative values.”

1. Without using your calculator, list at least five angles of rotation for which the value of sin # produced by
the calculator should be positive.

/1N SN 1S ?OS‘\'\"[\Z@ when E"\% POQ v,
- SO AN & where TO> e > O

2. Withouit using your calculator, list at least five angles of rotation for which the value of sin 8 produced by
the calculator should be negative.

b g N (s veodthve Luwc?_,m i\ne L
5/ walues of 4 dre negatve <6< 20N
Clarita: “ raw atriangl

eah, and sometimes we can’t even draw e at certain positions on the Ferris wheel, but the
calculator still gives us values for the sine at those angles of rotation.”

3. List possible angles of rotation that Clarita is talking about - positions for which you can’t draw a triangle
to use as a reference. Then, without using your calculator, give the value of the sine that the calculator

should pfpvitje at those positions. )
7 e use wnit crcle, y=sine
o (1 xX= 056

Carlos: “Anc(j because of the symmetry of the circle, some angles of rotation should have the same values for
the sine.”

4, Without using your calculator, list at least five pairs of angles that should have the same sine value.

an Y coterm nal mmg,}u,&..

Clarita: “Right! And if we go around the circle more than once, the calculator still gives us values for the sine
of the angle of rotation, and multiple angles have the same value of the sine.”

Carlos: “Can you have a sine value for an angle less than zero?”

5. List some angles that satisfy Clarita’s statement. Explain why her statement is true.
Yoo ONgUS are g ohive Wi dagun

7 < Ukl Hs Find veference angle
oo o\ nor Wu’,(,gj,
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6. a. For which angles of rotation are the values of sine positive7

046 <  (Quadrants L L4 1)

b. For which angles of rotation are the values of sine negative?

T <6 <2T (uadpart T 4 W)

7. Explain how you find the angle of rotation in quadrant II, III, and IV when the reference angle has a

measurement of 6. X ;rgdg—@ifemc—e O_(\gLL
QI = 45\ o
QW = - SN

8. Based on the data you calculated, as well as any additional insights you might have about riding on
Ferris wheels, sketch a graph of the height of the doll on this Ferris wheel as a function of the elapsed
time since the rider passed the position farthest to the right on the Ferris wheel. We can consider this
position as the rider’s starting position at time ¢t = 0. Be sure to include the starting position.

-1

9. Write the equation of the graph you sketched in question 8.

= SWHX
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10. Carlos realizes that a Ferris wheel at ground level does not make sense. g M
(=4
a. How would the graph and equation change if he built the Ferris whm above ground?

New Equation: 9 -— S \{\ ){, _{_ (Q

b. How would the graph and equation change if he built the Ferris wheel 1 meter above the ground
with a radius of 37

New Equation: @
g;%g\\(\x.‘,l %\ meter

Graph both equations from part a and b on the graph below.

77\: 3SINX +\

o 0 || 18 : 3600
il
54
.l
oy !
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Practice

y = 5sinx — 1 Amplitude_ i

y= —3sinx+2

ALWAYS posit ve
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Amplitude 3

Midline ‘\l_:i =1

¥

\a:c/ F g 2Rt
T TR W 2




Y= as\N(bx) + ¢
4.5H Warm-Up .

More Ferris Wheels
A Solidify Understanding Task

In a previous task, “Sine” Language, you calculated the height of a doll on a model
Ferris wheel at different times t, where ¢ represented the elapsed time after the
rider passed the position farthest to the right on the Ferris wheel.

Use the following facts for a new Ferris wheel :
e The Ferris wheel has a radius of 25 feet.
e The center of the Ferris wheel is 30 feet above the ground.
o The Ferris wheel makes one complete rotation counterclockwise every 24 seconds.

1. Using what you learned in the previous task, as well as any additional insights you might have about
riding on Ferris wheels, sketch a graph of the height of a rider on this Ferris wheel as a function of the
elapsed time since the rider passed the position farthest to the right on the Ferris wheel. We can
consider this position as the rider’s starting position at time t = 0. Be sure to include the starting
position.

t 3 4 6 8 9 12 16 20 24
ft)  ps(2) R
47.7

8 & %

h“.‘L\

|
.
o

T
—
I
Lt
[

ight {feet)

L%
Tt

Hei
8
|
__‘..—“
Ty

L%

0 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 32 34 36 38 40 42 44 46 48 50 52 54 56 58 60

Time (seconds)

2. Write the equation of the graph you sketched in question 1. ~
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3. We began this task by considering the graph of the height of a rider on a Ferris wheel with a radius of 25

feet and center 30 feet off the ground, which makes one revolution counterclockwise every 24 seconds.
How would your graph change if:

a. theradius of the wheel was larger? or smaller?

the grﬁpﬁ would go }/u%}/(,@( 4 lower ort the

\S
b. the height of the center of the wheel was greater? or smaller? X

| i1
e o weuld Shugr e entre Qapn
C: thjwhee] rotates faster? or slower? UJ(UM v\n VL Ll./r\ oY d(_,(,UYL

fa ster Slower
/\ NN ﬂ N

vviuvv

4. Of course, Ferrls wheels do not all have this same radius, center height, or time of rotation. Describe a
different Ferris wheel by changing at least one of the facts listed above.

5 o
Description of my Ferris wheel: Wﬂd{b{ \/\6\ Yﬁ_ 0\\90\(&&

o
l@an+ZOZ/ 6\@0\00{

5. Sketch a graph of the height of a rider on your Ferris wheel from question 4 as a function of the elapsed
time since the rider passed the position farthest to the right on the Ferris wheel.

A

60

56

§2

48

44

40

36

a2

28

Height (feet)

24

20

16

12

0 2 4 6 B 10 42 14 6 18 20 22 24 26 28 30 32 34 36 38 40 42 44 46 48 50 52 54 56 58 60
Time (seconds)

6. Write the equation of the graph you sketched in question 5.
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7. How does the equation of the rider’s height change if:

a. theradius of the wheel is larger? or smaller?

sk\ook ot
answers ON
page 24 *3

b. the height of the center of the wheel is greater? or smaller?

c. the wheel rotates faster? or slower?

8. Write the equation of the height of a rider on each of the following Ferris wheels t seconds after the rider
passes the farthest right position.

a. The radius of the wheel is 30 feet, the center of the wheel is 45 feet above the ground, and the
angular speed of the wheel is 15 degrees per second counterclockwise.

\J:%o.sim‘?j)«-ws

b. The radius of the wheel is 50 feet, the center of the wheel is at ground level (you spend half of your
time below ground), and the wheel makes one revolution clockwise every 15 seconds.

AL~ 4.
kj-;:%c.nsm 24X & =4

9. Explain how each part of the functions below changes the original y = sinx graph.

a. y= 105m(2x)+6 e
G— — — —_ prie
’I‘ ﬂ ﬂm ™mdlne . T
;w( & @/ - tt"qg 40\‘5‘50 s 2103 200
olown 0 ﬁ/cm midkne S :

b. y—_:_§sm( )—3,;

—
i

—= 1 % t
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4.5H Moving Shadows
A Practice Understanding Task

In spite of his nervousness, Carlos enjoys his first ride on the Ferris wheel. He
does, however, spend much of his time with his eyes fixed on the ground below
him. After a while, he becomes fascinated with the fact that, since the sun is
directly overhead, his shadow moves back and forth across the ground beneath
him as he rides around on the Ferris wheel.

Recall the following facts for the model replica Ferris wheel Carlos is building:
e The Ferris wheel has a radius of 1 meter.
e The center of the Ferris wheel is 1 meter above the ground.
e The Ferris wheel makes one complete rotation counterclockwise every 360 seconds

To describe the location of the dolls’ shadow as it moves back and forth on the ground beneath, we could
measure the shadow’s horizontal distance (in feet) to the right or left of the point directly beneath the
center of the model Ferris wheel, with locations to the right of the center having positive value and locations
to the left of the center having negative values. For instance, in this system, the doll’s shadow’s location will
have a value of 1 meter when he is at the position farthest to the right of the center on the Ferris wheel, and
avalue of —1 when it is at a position farthest to the left of the center.

1. Inthis new measurement system, if the doll's shadow is at 0 feet, where is the doll sitting on the Ferris

whee]?

2. Inour previous work with the Ferris wheel, t represents the number of seconds since the doll passed the
position farthest to the right on the Ferris wheel. How long will it take the doll to be at the position
described in question 1?

Qo0 seconds

SDUHSD CCA Math 3 Honors
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3. Calculate the location of the doll’s shadow from center at the times t given in the following table, where t
represents the number of seconds since Carlos passed the position farthest to the right on the Ferris
wheel. Keep track of any patterns you notice in the ways you calculate the location of the shadow.
As you calculate each location, plot the location of the shadow from center on the graph on the following

page.

Elapsed time since passing position A Location of the shadow from center

30 sec (’(“]S (7;0)
60 sec SHAL ((l}[j)
90 sec g'IY‘L (q U)
135 sec Z?(ﬂ/ (,ég)

150 sec

180 sec

210 sec \

225 sec

240 sec

300 sec

315 sec

330 sec

360 sec

390 sec

410 sec

450 sec

480 sec

495 sec

510 sec
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4, Sketch a graph of the horizontal location of the doll's shadow from center as a function of time ¢, where ¢t
represents the elapsed time after the doll passes position A, the farthest right position on the Ferris
wheel.

¥

-

5. Write a general equation for finding the location of the shadow at any instant in time.

%ﬁ (OsSX

Graph the following functions.

6. y=2cosx 7. y=—-3cosx+2
i | 0 ¥ . *
- - = « L AV
s . 5 / \
3 t o 4 // E
—i28 o 28 = \
AT N P G 4 ud
et - $mend froe 18
N P ! /
o e \ : - ind sl o f
(33 fromt o it —ry /
g Eod i o Vi i
-2 {8 -2 fe ¢ 4 so BoVs
08 w106 AW)/..W T
e N
118 b1 § e e
ool i |
PR O S s .
" - = - @ o
e 135 g - ] -
s | TS H
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